IDENTITIES OF SYMMETRY FOR g-BERNOULLI 
POLYNOMIALS 



DAE SAN KIM 



Abstract. In this paper, we derive eight basic identities of symmetry in three 
variables related to q-BernouUi polynomials and the g-analogue of power sums. 
These and most of their corollaries are new, since there have been results only 
about identities of symmetry in two variables. These abundance of symme- 
tries shed new light even on the existing identities so as to yield some further 
interesting ones. The derivations of identities are based on the p-adic integral 
expression of the generating function for the g-BernouUi polynomials and the 
quotient of integrals that can be expressed as the exponential generating func- 
tion for the g-analogue of power sums. 
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1. Introduction and preliminaries 

Let p be a fixed prime. Throughout this paper, Zp, Qp, <Cp will respectively 
denote the ring of p-adic integers, the field of p-adic rational numbers and the 
completion of the algebraic closure of Qp. For a uniformly differentiable(also called 
continuously differentiable) function / : Zp — > Cp (cf. |,6j), the Volkenborn integral 
of / is defined by 

/ f{z)df,{z) = hm 4r E /(^■)- 
Then it is easy to see that 



(1.1) / f{z + l)dfi{z)^ f{z)d^i{z) + f{0). 

JZp JZp 

Let I |p be the normalized absolute value of Cp, such that \p\p = i, and let 

(1.2) E = {teCp\\t\p<p^}. 

Assume that q^t £ Cp, with g — l,t £ E', so that = exp(zlog(7) and e^* are, as 
functions of z, analytic functions on Zp. By applying ()1.1|) to /, with f{z) = g^e*^, 
we get the p-adic integral expression of the generating function for q-Bernoulli 
numbers Bn,q (cf. [5], [7]): 

(1.3) / q^e^■'d^i{z) = ^^^^Y.B-■1-^^'^~^^^^^)■ 
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So we have the fohowing p-adic integral expression of the generating function for 
the g-Bernoulh polynomials Bn,q{x): 

/I I 4- -l-fi 

-■P ^ n=0 

Here and throughout this paper, we will have many instances to be able to in- 
terchange integral and infinite sum. That is justified by Proposition 55.4 in [B]. 
Let Sk,q{n) denote the q-analogue of fcth power sum of the first n+1 nonnegative 
integers, namely 



(1.5) Sk^gin) = ^''l' = 0'''?" + l^''?' + ■ • ■ + 

i=0 

In particular, 

n+l 1 

(1.6) 5o,,(n) = = ^—y- ^[n+ l]^, ^^.^(O) = 

From [T73l and [TT5| one easily derives the following identities: for w G Z>o, 
w L q^e'^*du(x) °° fk 

In what follows, we will always assume that the Volkenborn integrals of the various 
exponential functions on Zp are defined for g — l,t £ i?(cf. (II. 2^ ). and therefore it 
will not be mentioned. 

[I] I [1] : Hi [H] and [5] are some of the previous works on identities of symmetry in 
two variables involving Bernoulli polynomials and power sums. For the brief history, 
one is referred to those papers. In [3], the idea of [4] was adopted to produce many 
new identities of symmetry in three variables involving Bernoulli polynomials and 
power sums. 

In this paper, we will produce 8 basic identities of symmetry in three variables 
101,^12, W3 related to g-Bernoulli polynomials and the q-analogue of power sums(cf. 
(lA . (14^ . KWi . KWi . Km . Km . Km . KMi ). These and most of their 
corollaries seem to be new, since there have been results only about identities of 
symmetry in two variables in the literature. These abundance of symmetries shed 
new light even on the existing identities. For instance, it has been known that p.Sp 
and (HH) are equal(cf. [5, (2.20)] ) and (ITIUI) and (fLTTj) are so(cf. [5, (2.25)]). In 
fact, (|1.8p - (ll.ll|) are all equal, as they can be derived from one and the same p-adic 
integral. Perhaps, this was neglected to mention in [5]. Also, we have a bunch of 
new identities in (I1.12p - (ll.l5p . All of these were obtained as corollaries (cf. Cor. 
14.91 14.12[ I4.15P to some of the basic identities by specializing the variable W3 as 1 . 
Those would not be unearthed if more symmetries had not been available. 



1, tor fc = 0, 
0, for fc > 0. 
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(1.8) 

n 



(1.9) 



(1.10) 

Wi —1 

V q'^^'Br^.q^, {w2yi + —i) 
U 

(1.11) 



■u;2 — 1 

(1.12) 



(1.13) 



^ r m) ^'''1"^"'^ {yi)Sl,q^2 {Wl ~ l)S,n,q^l {W2 ~ l)w'l 



2 



-W 



n ^ 



(1.14) 

=^2"'E - i)^«i"' E '/"^'^fcw— (yi + — ) 

(1.15) 

Wi — 1 W2 —1 . . 

The derivations of identities are based on the p-adic integral expression of the 
generating function for the g-BernouUi polynomials in (|1.4p and the quotient of 
integrals in (|1.7p that can be expressed as the exponential generating function for 
the g- analogue of power sums. We indebted this idea to the paper [5]. 



2. Several types of quotients of Volkenborn integrals 

Here we will introduce several types of quotients of Volkenborn integrals on Zp 
or from which some interesting identities follow owing to the built-in symmetries 
in wi,W2,W3. In the following, wi,W2,W3 are all positive integers and all of the 
exphcit expressions of integrals in p.2p . p.4p . (|2.6p . and (|2.8p are obtained from 
the identity in (|1.3p . 

(a) Type A^g (for z = 0, 1, 2, 3) 
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HM3) 

(2.1) 

with dj.i(X) ~ dfi(xi)dfi{x2)dfi{x3) 
(2.2) 

_ {wiW2W3 f-'{logq + t)3-*e"'i"'^"'^(^?=i w)*(g«'i'"2«'3e"'i"'2«'3t _ ly 

^qW2W3gW2W3t _ \'^^qWiW3^WiW3t _ ^ ) (g™! «'2 g™! «'2 « _ \^ ' 

(b) Type AI3 (fori = 0,1, 2, 3) 

^(Al3) 

(2.3) 

f q>^r^l+^2X2+W3X3^{w^X,+W2X2+W3X3+W^W2W3(T,''aV^))^d^i{Xl)d^l{x2)^^^ 
P 

~ (/z 9'"i"'""'^e"'i'"2u.32;4td^(a;4))» 

(2.4) 

_ (wi-u;2u;3)^"*(logg + i)3-*e"'i™'™^(^?=i^^'^*(g'"i'"=^"'^e"'i'"^"'^* - 1)^ 
~ (g'^ie'^i* - l)(g'"2e'^2t _ l)(g'"3e'"3t _ l) ' 

(c-0) Type A^^ 
(2.5) 

_ / ^u'iai+u'2a:2+tU3a:3g(j"ia:i+«'2S2+™3a;3+™2™3y+™i™3y+u'lu'2y)t|^^^2;-^)(i^(2:2)(i/i(a;3) 



(2.6) 

_ WiW2W3(logg + i)3e('^2'i'3+«'i«'3+u.i«;2)yt 
~ (g"'ie«'i* - l)(g™2eu'2t _ l)(5«'3eu'3t _ l) ' 



(c-1) Type K\2 
(2.7) 

L3 g"'i^i+"'^"^^+"'^"=^e("'i^i+"'^"==+'"^"^^)*dAi(a;i)d^(a;2)d/i(a;3) 

/(AL) = 
(2.8) = 



/Z3 g^2«'3Zl+l«l«'32:2+l"l«'2Z3e('"2t"32:i+t"lt"322+tt'lt"2Z3)t(f^(^^)(f^(22)(i/i(z3) 

(wiwaws)^^?'"'""^'"'""* - l)(q"'i"'3g«)i«-3t _ i)(-^t«iu.2gt«it«2t _ 1) 



(^qWlgWit _ l)(gU.2gM.2t _ l)(5-»3e"'3t _ 1) 

All of the above p-adic integrals of various types are invariant under all permu- 
tations of wi,W2,'W3, as one can see either from p-adic integral representations in 
(f2TT|) . ([23|) . (f23|) . and (|2?7| or from their exphcit evaluations in ([?!2|) . ([2^ . (|2^ . 
and (12:81). 
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3. Identities for (j-Bernoulli polynomials 

First, let's consider Type A23, for each i = 0, 1, 2, 3. 
(a-0) The fohowing resuhs can be easily obtained from (|1.4p and (|1.7p . 

II 

^ — ^ m ' 



^1^ ^~k\ ("'2^3^) )(2^ [WlWst) ) 

k=0 ■ /=0 



X 

m— 



H [,_^ I )Bk,q^2^3{wm)Bl^g^^^3{w2y2) 

(3.1) "=0 k+l+m=n ^ ' ' ^ 

xBr.,g^^^2{wsy,)w[+"'w',+"'w',+^)-, 

where the inner sum is over all nonnegative integers k,l,m, with k + 1 + m 
and 

(3.2) ' — 



k,LmJ klllml 



(a-1) Here we write /(A23) in two different ways: 

(1) /(A^3) 
(3.3) 

_ _!_ / ^'W2W3X1 pW2W3{xi+Wiyi)t^^^^^--^ f ^toi 103x2 gt«l t«3 (a:2+lU2 ^2 )t J^^^ ) 



W3 Jz. 



g"'i"'^^^e'"i'"2^3*d^(a;3) 

X- 



'/^ q^l^2W3XiQWiW2W3Xit^^^^^^ 



— {2^Bk,q^2^3 [wiyi) ) 2^ Bi,,™i™3 (^2^2) ) 



tt;3 A;! 



00 



X > S'm,5™l»2 K - 1 ■ 

^-^ m! 

m=0 



(3.4) 



= ^( ^ ^ ]Bk,q^2^-'3{wiyi)Bl^q^iu,3{w2y2) 

j.n 

X 5™.,™i™2(«;3 - l)i«i+"w;2^+'"«;3^+'-i)- 
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(2) Invoking (|1.7p . p.3p can also be written as 



1=0 k=0 

(3.5) 



n — n ( n J n '-' 



00 n y s u)3 — 1 ^ 

ri=0 fc=0 ^ ^ 1=0 

(a-2) Here we write /(A23) in three different ways: 

(1) m^) 

(3.6) 

^2/2 g"'i'"3^=e™i™3^2*d/Lt(x2) ws/z g'"i"'=^"="e"'i"'2^='trf^(a;3) 



W2W3 Jz. 



fc=0 



00 



(3.7) 



x(E^U-^.-^3(«.2 - 1)^^)(E ^"..--^^(-a - 1)^^ 

i=0 ■ m=0 



= E( E L ^ ^j-Sfc,g™2™3 (1012/1)5/, g™l™3(w2 - l)S'm,g-l™2(W3 - 1) 

ri=0 k+l+m=n ^ ' ' ^ 

xu;l+"u;2^+'"-iii;^+'-i)l-. 



(2) Invoking (|1.7p . p.6p can also be written as 



23 

W2 — I 



_ qU]iW3i / q"'2tU32:ig«'2«'3(a:i+'!i'iyi + -^i)t^^2;;^) 

(3.8) ^-0 P 

W2/z g™i"'^^3et"it"2X3t^^(2,3) 



ql"lW2W3Xi^WxW2W3Xit^^(^^^^ 
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X 



n=0 fe=0 ^ ^ 



-fc.,.A:-l 



fc,g™l"'2 (W3 - l)Wi ^3 



W2 n! 



(3) Invoking (11.71) once again, p.8l) can be written as 

W2W3 Jl-„ ^ 



i=0 j=0 

-2-3 W2 w, n\ 

(3.10) 

= E((-2-3)"-' E E 'Z"'^"'^'^'"^"^''^".,— Kyl + ^^ + ^J))^■ 



(a-3) 



1 u;i/2^Q'^^'^^="ie"'="'3^i*d^(a;i) 

X ^ : X 



q^^^2W3Xi^WxW2W3Xit^^(^^^-^ qWiW2W3Xi ^WtW2W3X it ^^(^r^^-^ 



= (E 'S'fc,9™2™3 [Wl - 1) 



(^2^3*) 



m;iU'2U'3 fc! 
K— 



X ' 



' m=0 



(E^^..--K - i)^^^)(E w-=(-3 - 1)^ 



1=0 

(3.11) 



00 / ri \ 

E( E ( / ^ J'S'fc,«™2™3(wi - l)5'i,g»i™3(w2 - l)Sm,q^i^2{w3 - 1) 



8 



DAE SAN KIM 



(b) For Type {i = 0,1,2,3), we may consider the analogous things to the 
ones in (a-0), (a-1), (a-2), and (a-3). However, these do not lead us to new identi- 
ties. Indeed, if we substitute W2W3,wiW3,wiW2 respectively for wi,W2,W3 in (|2.1I) . 
this amounts to replacing t by 'Wi'W2Wzt and q by qW-i-'^^w^ (|2,3[) . So, upon re- 
placing wi,W2,'w^ respectively by u'2tf3, if 1W3, iuiz«2 and dividing by {'WiW2W^)^ , 
in each of the expressions of (HIT]) , ([SH) , ^J^, (|3Jl) - ([3lT|) . we will get the 

corresponding symmetric identities for Type A^^g (i = 0, 1, 2, 3). 



(c-0) 



n=0 ' i=0 ' "1=0 

(3.12) 

= E( E \hl )Bk^q^i{w2y)Bi^q^2{w3y)B^^g^3{wiy)w'lw2W^) — . 

ra=0 k+l+m=n ^ ' ' ^ 



(c-1) 

1 W2/z g"'i^ie'"i^i*dAi(a;i) 



g"'""^^e"'2^2t£|^(^2) ifi/x g"'^^3e"'3X3t(|^(2.3) 

= (> S'fe^,."! {W2 - 1) , , ) 

x(E5,,..K - i)^)(E - 1)^) 

/=0 ■ m=Q 

00 ^ ^ 

E( E L r^ P^'9™^(^2 - l)^i.9™2(M;3 - 1) 



(3.13) "=0 fc+i+m=n 



4. Main theorems 



As we noted earlier in the last paragraph of Section 2, the various types of quo- 
tients of Volkenborn integrals are invariant under any permutation of wi,W2,W3. So 
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the corresponding expressions in Section 3. are also invariant under any permuta- 
tion of wi,W2,W3. Thus our resuhs about identities of symmetry wih be immediate 
consequences of this observation. 

However, not all permutations of an expression in Section 3 yield distinct ones. 
In fact, as these expressions are obtained by permuting wi,W2,W3 in a single one 
labeled by them, they can be viewed as a group in a natural manner and hence 
it is isomorphic to a quotient of 5*3. In particular, the number of possible distinct 
expressions are 1,2,3, or 6. (a-0), (a-l(l)), (a-l(2)), and (a-2(2)) give the full six 
identities of symmetry, (a-2(l)) and (a-2(3)) yield three identities of symmetry, and 
(c-0) and (c-1) give two identities of symmetry, while the expression in (a-3) yields 
no identities of symmetry. 

Here we will just consider the cases of Theorems 14.81 and 14.171 leaving the others 
as easy exercises for the reader. As for the case of Theorem 14.81 in addition to 
(|4.14p - (|4.16p . we get the following three ones: 

( , r ) Bk.q^2^3 {wiyi)Sl^q^i^2 {W3 - l)Sm,q^l^3 {W2 - 1) 

i\ \k,Lm/ 

(; r )-Bfc,9™i™3 (ty22/l)5'z,g™2"'3(wi - l)S'm,g-i-2 (W3 - 1) 

(A \k,Lm/ 

(i.Z) k+l+m=n ^ ' ' ^ 

( , r ) ■Sfe,g"'l-2 iwsyi)Sl^q^i^3 {W2 - l)Sm,q^2^3 {wi - 1) 
(4.3j k+l+m=n ^ ' ' 



But, by interchanging I and m, we see that (j4.ip . (|4.2p . and (|4.3I) are respectively 
equal to dHH]), (gm, and ^JE^. 

As to Theorem [4.1 71 in addition to (|4.24p and (|4.25p . we have: 
(4.4) 



> A;, /, m 

k-\-l-\-'m— 71 

(4.5) 



( Z, r )^k,q-^l{w2 - l)Sl^q^2{w3 - l)Sm,q^3{wi - l)w'l ^W^^wf \ 



(4.6) 



V )Sk,q^2iw3~l)Sl,q..3iwi~l)S„,^q..,iw2-l)wt'wlf'w'l'"\ 



(, r ]Sk,q^l{w3 - l)Sl^q^3iw2 - l)Sjn,q"'2{wi - l)w'l Vg^m 

f-^ \k, I, mj 



2 1 



fc+Z+m— n 

(4.7) 



k+l + m—7i 



k-l„..l-l„..m-l 



( fc / m ) '■^^ ^ l)'5'i,g™2 {wi - l)5m,9™i {W3 - 1)^3 ^w" 



However, (|4.4p and (|4.5p are equal to (I4.24p . as we can see by applying the per- 
mutations fc — Z — > m, m — i> fc for (|4.4p and k ^ mJ ^ k,m I ior (|4.5p . 
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Similarly, we see that ()4.6p and (|4.7p are equal to (|4.25|) . by applying permutations 
A; — > /, / — s> m, m ^> fc for ()4.6p and k ^ m,l ^ k,m ^ Mot (|4.7p . 



Theorem 4.1. Let wi,W2,W3 be any positive integers. Then the following ex- 
pression is invariant under any permutation of wi,W2,W3, so that it gives us six 
symmetries. 

(4.8) 



E 
E 

-Z+m- 

E 
E 
E 

-/+m- 

E 



fc+Z+m— n 



fc+Z+m— n 



fc+Z+m— n 



71 

/c, Z, m 
n 

k, /, m 
n 

k, I, m 
n 

k, I, m 



k, I, m 



n 

k, I, m 



Bk,q^2^3 (u'i2/i)Sj,,™i»2 (w32/2)S™,,™i™3 {W2y3)w[+"'w^+"'w^+^ 



Bk,q^i^3 (w22/i)-B/,g..2"'3 {wiy2)Bm,q^i^2 {w^y^) 



Sfc,,»i-'3 (u'22/l)B/^,™i»2 {,W3y2)Bm,q^2u.^ (u;iy3)4'^"w^+"wj^+' 



-Bfe,q"'i-2 (w32/i)-S/,,-2»3 (wi2/2)-Sm,,™i™3 (w22;3)w3+™'u;i 



Wo 



Bfe,q"'l-2 (W3|/1)S/,,»1»3 iw2y2)Bm,q'^2^3 (u^l ^3 ) W3+" W^^™ U;J^ + ' 



Theorem 4.2. Lef wi,W2,W3 &e any positive integers. Then the following ex- 
pression is invariant under any permutation of wi,W2,W3, so that it gives us six 
symmetries. 



(4.9) 



E 



k-\-l-\-m—n 



E 



E 



k+l+va—n 



n 

k, I, 771 



71 

fc, Z, TO 



71 

fc, Z, TO 



Bk,q^-2^3{wiyi)Bl^q^l^3 {w2y2)Sm.,q^l^2 {w^ - 1) 



Bk^q-''2^3 {wiyi)Bl^q^l^2 {w3y2)Sm,q-"l^?. (^2 " 1) 



Bk^q-^l^i {w2yi)Bi^q^2^3 (wi?/2)S'm^g-l-2 (W3 - 1) 



E 



E 



k-\-l-\-m—n 



k, I, TO 



71 

fc, Z, TO 



Bk^q-^-l^-i {w2yi)Bl^qu,iu.2 {w3y2)Sm,q^2^?. {wi - 1) 



Bfc^,™i»2 (W3yi)^;,9™i™3 {w2y2)Sm,q^2^3 {wi - 1) 



IDENTITIES OF SYMMETRY FOR q-BERNOULLI POLYNOMIALS 11 



Putting W3 = 1 in (14.21) . we get the following corollary. 
Corollary 4.3. Let 'Wi,W2 be any positive integers. 



[^jBk,q^2{wiyi)Bn-k,q^i{w2y2)w'l ^ 
= X! Bk,q^l {■W2yi)Bn-k,q^2 (^12/2)^2^''^^ 

= X! f ^ ^'^^)^fc,?™l™2(?;i)B/,,™l(w2j/2)S',„,g-2(Wl " 1) 

(4 10) fc+'+™=n ^ ' ' 

^ (fc |'^j„)^'^^'?"i(^22/l)S/,g™i™2(?/2)5',„,g™2(wi - 1)W2 



,/+m,„fc+i-l 
'"l 



^ (fc r )^fc^'J"i"'^(2^l)-^'.9""('^1^2)S'm,g™i(w2 - l)Wi 
-l+m=n ^ ' ' "^^ 

^ (fc r )^'=.9""(^l2^l)-^^9™i™=(2^2)S'm,g-l(w2 - 



.k+m k+l — 1 
W2 



k+l+m—n 

l+m k+l-1 

k-{-l+m—n 

Letting further W2 = 1 in (|4.10p . we have the following corollary. 
Corollary 4.4. Let wi be any positive integer. 



'YLjBk,qiwiyi)Bn^k,gu,,{y2)w'^ ^ 
k=0 ^ ^ 

(4.11) (^^Bk.q^i{yi)Bn-k,q{wm)wi 

- E (f^'i)Bk,q^^{yi)Bi,q^.iy2)Srn,qi^i-l)w1+'-\ 

k+l + m=n ^ ' ' '' 



Theorem 4.5. Let wi,W2tW3 be any positive integers. Then the following ex- 
pression is invariant under any permutation of Wi,W2,W3, so that it gives us six 
symmetries. 

(4.12) 

(^)i?M™i-(^3yi)^«r'^2 E q'"''"''B,,^k,q-^^s{w2y2 + —i) 
=<"'E( J^M— (w;2yi)wr't/;^- E («^3y2 + ^0 



k=0 ^ ^ i=0 
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U)2 — 1 



fc=0 ^'"^ 1=0 

u;2 — 1 

-w. 



71 y N tU3 — 1 

=<"'E ( J^''^9"^"^(^iyiX~'^2 E 'Z"'""'"'^n-fe,9™i™3(u;22;2 + — i). 

Letting = 1 in (|4.12p . we obtain alternative expressions for the identities in 
(I4l0)) . 

Corollary 4.6. Let wi,W2 be any positive integers. 

E ( ^ ) ^'=.9"^ {wiyi)Bn-k,q^i {W2y2)w"~''w2 
E ( ^ ) {w2yi)Bn~k,q^2 (^1^2)^2 "''^^l 



fc=0 



n ^ ^ -u;! — 1 



(4.13) 

=<"'E( J^M-(^22/lK""' E '/""'^n-M— (y2 + — ) 
k=0 ^ ^ i=0 

n ^ W2 — I 

=^2"'E ( JSM-i-(yiK E + 

=^2""'E( J^M-(^l2^lK"' E '/"'^'Sn-M— (y2 + — ). 

Putting further W2 = 1 in (|4.13p . we have the alternative expressions for the 
identities for (|4.1ip . 

Corollary 4.7. Let wi be any positive integer. 

E [k)^''''^™^ {yi)Bn-k,q{wiy2)wl 



"E [l]Bk,q-^l{y2)Bn-k,q{wiyi)w^ 
k=0 ^ ^ 

u?i — 1 



=^1 E U ^'^■■^"^ E 9'^"-fc.<j- (y2 + — )• 



.... Wl 
k=0 ^ ' J=0 
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Theorem 4.8. Let wi,W2, ws be any positive integers. Then we have the following 
three symmetries in wi,W2, W3 : 



(4.14) k+l+m=r 



(4.15) 



(4.16) 



k-\-l-\-ni—n 



^ ;'^j„)-^fc.9™l™2(^32/l)5'z,g-2™3(Wl - l)S'„,,™l™3(W2 - 1) 



Putting W3 1 in (I4.14p - (l4.16p . we get the following corollary. 
Corollary 4.9. Let wi,W2 be any positive integers. 
(4.17) 

y^ f " j Bk,q^2 {wiyi)Sn~k,q^i {w2 - 1)^1^ 



^ ( h)^''^'}""' {w2yi)Sn-k,q^2 {Wi - 1) 

V f , r ) Sfc,9»i-^ iyi)Si,q^2 (z^i - l)5™,,»i (u;2 - l)w1+'^-'wl+'-' 

\ f£ . I . TTL / 



A;+/+m— n 



Letting further 7i'2 = 1 in (|4.17p . we get the following corollary. This is also 
obtained in [5, (2.22)]. 

Corollary 4.10. Let wi be any positive integer. 

(4.18) Bn^giwm) = (l)Bk,q^i{yi)Sn-k,q{wi - l)wt^. 



k=0 



Theorem 4.11. Let vui,u)2,W3 be any positive integers. Then the following ex- 
pression is invariant under any permutation of wi,W2,W3, so that it gives us six 
symmetries. 

(4.19) 

71 / \ Wi — l 

<^'E ( J^"-'=-9™^™=(^3 - ^)^2''wt' E l'"''"''Bk.,q^,^4w2yi + —i) 

k=0 ^ ^ i=0 



k=0 ^ ^ i=0 
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"2 

k=t) 



= ^2 2^ 

k=0 



k=0 



k=0 



t02 — 1 

i=0 


"2™3 (wiyi H 


* 

Wo 


W2 — 1 

1 ^ g-i™^.:^^^^. 
'i=0 


"i"'2 (wayi H 


h — z 




"2^3 (wiyi H 


r — Z) 


W3 — 1 

i=0 


"i™3 (w2yi H 


W2 

h — z) 

W3 



Putting W3 — 1 in (14.19^ . we obtain the following corollary. In Section 1, the 
identities in (|IT7)) . (g^Hl), and (P?^ are combined to give those in ([rS)) - ([TTT5)) . 

Corollary 4.12. Let wi,W2 be any positive integers. 

Wl —1 

wr^ J2 <f^"B^,q^i {W2yi + —i) 

W2 — 1 

=U.r' J2 l'"''Bn.,g^4wiyi + —t) 

^ X! ( r ) {w2yi)Sn-k,q^2 {wi - 1)^2 "''w^^^ 

fc=0 ^ ^ 

"X! [l]Bk,q^2iwiyi)Sn-k,q^iiw2 - l)w'^'~'' W^^'^ 
k=0 ^ ^ 

n ^ V li'i— 1 

=<"'E ( J^"-'=.«-(^2 - 1)^2'"' E ^'^'^fc.^— (yi + — ) 
=^2"'E ( J^"-'=.9-(^i - 1)^1^' E (yi + — )• 



(4.20) 



Letting further u'2 = 1 in (|4.20p . we get the following corollary. This is the 
multiplication formula for g-Bernoulli polynomials (cf. [5,(2.26)]) together with the 
relatively new identity mentioned in (|4.18p . 

Corollary 4.13. Let wi be any positive integer. 

Wl —1 



S„,g(wiyi) = u;^ ^ V q*S„,,»i(yi + — ) 

4=0 

E it)^''''^^' {yi)Sn-k,q{wi - i)w\-\ 

k=0 ^ ^ 
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Theorem 4.14. Let wi,W2, wa be any positive integers. Then we have the following 
three symmetries in wi,W2, W3 : 

Wi — 1 102 — 1 

U U 

(4.21) ={w2W3r-^ V V q^''"-''+^'^''Br,,g^2^s {Wm + — * + —j) 

Letting = 1 in (I4.2ip . we have the foUowing corollary. 
Corollary 4.15. Let wi,W2 be any positive integers. 

wi ~1 
W2 — 1 

(4.22) ^w^-' V g'"i'i?„,,». {wiyi + ^t) 

4=0 

Wl — 1 W2 — 1 

Theorem 4.16. Letwi,W2,W3 be any positive integers. Then we have the following 
two symmetries in wi,W2, W3 : 



2 



(4.23) 

= X] [ I ^)Bk,q^2{wiy)Bi^qu,i{w3y)Bm,q-'3{w2y)w2w[w!^ 



k-\-l-\-m—n 



Theorem 4.17. Let wi, W2, 103 be any positive integers. Then we have the following 
two symmetries in wi,W2, W3 : 

(4.24) 



( fc / m ) '■"'1 ~ l)'5'i,g"'l (W2 - l)Sm,q'-2 {w^ ~ \)w\ w\ 

k-\-l-{'7n—n ' ' 



fc-l.../-l...m-l 



(4.25) 



k-\-l-{-7n—n 



V ( , r ) (u^i - l)Si.g^, - 1)5™,,»3 (^^2 - l)wt'w[-'w'^'^ 

^ rZj I J nil ' 



Putting — \ \ii (|4.24p and (|4.25p and mulitplying the resulting identity by 
wiW2, we get the following corollary. 
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Corollary 4.18. Let wi,W2 be any positive integers. 



fc=o 




= ^ ( , ] Sk,q^2 {Wi - l)Sn-k,q{w2 " 1)^2 • 



k=0 
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